Abstract|The multiple access problem as characterized by in nite user population and a slotted-time channel is examined, and an algorithm that utilizes a control mini-slot is proposed. The stability region of the proposed algorithm is determined and compared to the random access algorithm with the highest known throughput. A break-even point is also given.
For the system model above, several random access algorithms have been developed in the past (see 2] , 5], 9], 10]), but the one that attains the highest known throughput is the part-and-try algorithm 3], 11]. The latter algorithm decouples transmission times from the arrival instants, based on the observation that random retransmissions and subdivisions of the arrival time axis are equivalent.
The question of determining the maximum achievable throughput within the class of stable protocols that assume the model above, without necessarily constructing a realizable one, has also received considerable attention. Due to the complicated nature of the problem, the maximum throughput is an elusive quantity, and to this date only a sequence of upper bounds have been found. The sharpest such bound is 0. 587 6] .
There have also been e orts to design realizable protocols which achieve higher throughput than the 0.587 bound by assuming that some additional feedback information is available to the system (and hence deviating from condition (ii)). For instance, in 4], the authors assume that after each collision, the number of packets involved (up to a maximum limit) is revealed to all users through a bank of energy detectors.
In the present paper we are concerned with the multiple access problem as characterized by the model described earlier. In particular, we assume that selected users transmit a \control bit" in a \control mini-slot" along with their regular packets. Thus we introduce additional feedback information which can be used by the contending users to resolve con icts. In Section 3, we give the description of the algorithm. The general operation of the random access algorithm using a control mini-slot (RAA-CMS) is a modi cation of Gallager's algorithm. The modi cation consists of incorporating the additional information provided by the control mini-slots into the collision resolution procedure. In Section 4 we evaluate the induced maximum stable throughput. We show that the RAA-CMS has a capacity of 0:56=(1 + r) packets per slot, where r is the ratio of the length of a control mini-slot over the length of a packet. Finally, in Section 5, we consider the case of reduced feedback information for the control mini-slot.
II. The Channel and User Models
It is assumed that there are in nite number of identical, packet transmitting, bursty users. The cumulative input tra c is modeled as a homogeneous Poisson point process with intensity packets per slot. For the implementation of RAA-CMS, each slot is divided into two parts as shown in Figure 1 . The rst part is a control mini-slot (CMS) or control bit, and is used for the transmission of the control information. The second part, called the message-slot (MS), is used for the transmission of the message and it has the length of a packet.
The transmission of a control bit and/or a regular packet by each user is governed by RAA-CMS. If none, one or more than one user attempts to transmit a control bit (packet), this results in an empty, successful or collided control minislot (message slot), respectively. Each user keeps track of two common parameters, the system lag d and the length of the current transmission interval. Let T c denote the current time. Each user with a packet to transmit also keeps track of the time since that packet arrived; that is, is that packet's delay. The user transmits that packet in the MS of a given slot if, in the beginning of the slot, 2 d; d ? ); that is the packet's delay belongs to the current transmission interval.
If, in addition, 2 d; d ? =2), the user also transmits a control bit in the CMS of the same slot. In other words, users in the left-half of the current transmission interval on the arrival time axis (left users) transmit both their packets and control bits, whereas users in the right-half of the interval (right users) transmit only their packets.
By the beginning of the next slot, all users know the outcome of the transmissions in the previous slot. Let E c (E m ) be a variable assuming the values I; S or C if the CMS (MS) is empty, successful or collided, respectively. We denote the outcome of a given slot by E = E c E m . There are six distinctly possible outcomes, namely II; IS; SS; IC; SC and CC.
If E = II, an empty or idle slot occurs, since there are no users in the current transmission interval. If E = IS or SS, the only packet in the current transmission interval is successfully transmitted. If E = IC, a collision in the MS occurs, and since there is no left user, there must be at least two right users. If E = SC, a collision in the MS occurs, and since there is one left user, there must be at least one right user. If E = CC, both MS and CMS are collided, and since there are at least two left users, no additional information on the number of right users is available. In the last three cases, the collided packets are retransmitted according to RAA-CMS. The algorithm utilizes the feedback that is provided by the outcome of the previous transmission to maximize the fraction of slots devoted to exactly one message. In the event of a message collision, a smaller transmission interval is speci ed next time, and this process continues until the collision is resolved.
The algorithm is stated in Figure 2 . The main features of RAA-CMS are best illustrated by an example. Figure  3 .1 shows the slotted channel axis. At the present time T c = i, the system is in a renewal state; that is all messages generated before R 1 (Figure 3 .2) have been successfully transmitted and nothing is known about the message distribution beyond R 1 (except that it is Poisson). At a renewal state, the algorithm provides a transmission interval of length 0 starting at R 1 . 0 is a system parameter that must be optimized to yield the maximum throughput. In the next slot transmission (Figure 3. 3), the outcome is IC; that is, a packet con ict occurs but the control minislot is empty. The algorithm states that in resolving a con ict, we de ne the next transmission interval as the rst half of the con ict interval. At this point it is known system-wide that the left half of the previous transmission interval is empty and there are at least two messages in the right half. Thus the con ict interval is the left one. Hence
In the next slot ( Figure 3.4) , the outcome is CC, that is collisions occur in both MS and CMS. At this point, all users know that there are at least two messages in the left half of the previous transmission interval. No additional information is available about the number of messages, and thus the right half interval can be merged into the unexamined portion of the arrival time axis. The unexamined interval is de ned as the set of times that will not be part of a transmission interval before the system has passed through at least one renewal state. In Figure 3 .5, the unexamined interval begins at U and continues to the current time T c = i + 3. In this case the system variables are updated as follows:
In the following slot (Figure 3.5) , the outcome is SC, that is a message con ict occurs but the control mini-slot The existence of the renewal states implies that the system repeatedly comes to a point in the algorithm where the channel history is independent of the statistics of any interval that will be transmitted in the future. Hence time consists of a series of epochs. An epoch begins at a renewal point and ends at the next renewal point. It consists of either 1. one algorithm step if there is no collision, or 2. all of the steps required until (and including) the rst subsequent successful packet transmission, in the event of a collision.
IV. Maximum Stable Throughput
Net N (t) denote the random number of messages generated up to time t by all the users combined. We assume that fN(t); t 0g is a homogeneous Poisson process with intensity , measured in packets per slot.
Let denote the output rate or the throughput of the system; in other words, is the long-run average number of successful transmissions per slot. Also, let n be the random delay between the instant at which the nth message is generated and the instant at which its packet is successfully transmitted.
A random access algorithm is called stable if lim n!1 sup E n ] is nite (assuming that the limit exists). This means that for a stable algorithm, the delay of a packet will remain nite with probability one. It can be proven rigorously that the stability condition given above is equivalent to < .
Let max = sup f : the algorithm is stableg. If < max , then the throughput is and the system is stable. Otherwise the throughput is at most max and the system is unstable with unbounded average delays. We call max the e ciency of the algorithm.
We have seen in the previous section that the stochastic evolution of the system under RAA-CMS de nes a renewal process in time, which consist of a series of epochs. Moreover, as a result of the memoryless property of the Poisson process, the lengths of epochs are statistically independent and identically distributed. Therefore the mean ergodic theorem implies that = S=U where U is the expected number of slots used during an epoch, and S is the expected number of successful packet transmissions during an epoch. We concern ourselves with the evaluation of U and S. First we present the following notation: U k : Average number of slots used during an epoch with k messages in the initial transmission interval. S k : Average number of successful transmissions during an epoch with k messages in the initial transmission interval. C k : Average number of slots used during an epoch with k messages in the current transmission interval when it is a priori known that k 2. Under the Poisson model assumption, we have
where q k (x) = x k e ?x =k! and x = 0 . It follows that the throughput as a function of x is
The values of S k and U k for k = 0; 1; 2; :::; 10, as obtained from equations (2), (3) and (4), are given in Table 1 . They were used, together with numerical methods, to nd the maximum in equation (5) . It turned out to be equal to max = 0:56, and is attained for x 1:5.
A. E ective Throughput
We have seen in the previous section that if the intensity of the Poisson input process is measured in messages per slot, RAA-CMS is stable if < max = 0:56. Since we are using part of the channel resources for the control minislots, the above e ciency has to be normalized to yield the e ective e ciency.
Let b and B be the length of the CMS and MS in number of bits, respectively. Also let r = b=B. It follows that 0 = =(1+r) is the Poisson intensity measured in messages per message-slot. We de ne the e ective e ciency of the algorithm max as follows: max = max =(1 +r). Hence the algorithm is stable if 0 < max .
For the Poisson message statistics, the best-to-date algorithm that performs without the use of any side information (such as the control mini-slot of the present algorithm) achieves a maximum stable throughput of B = 0: 4878 7] . Comparing the two algorithms, we nd the breakeven point for values of r that guarantee better throughput: We should note that the information transmitted in each mini-slot is minimal (just the absence or presence of any message). No signature information is needed. Consequently the length b of a mini-slot can be very short compared to B, resulting in r 1.
V. Binary Feedback for the Control Mini-Slot
The algorithm described in Section 3 assumes that the feedback information for both the control mini-slot (E c ) and the message-slot (E m ) is ternary. In cases where the feedback is supplied from a central facility, the feedback information variable needed is ve-valued, i.e. E = I; S; IC, SC or CC, since in the case of an empty or successful message-slot, the outcome of the associated control minislot is not used by the algorithm, and it is therefore redundant.
For reasons of robustness in the presence of channel noise and/or ease of implementation, especially in packet radio environment, one could consider reduced feedback information.
We shall consider here the case of binary feedback for the control mini-slot and ternary feedback for the message-slot. The binary feedback informs the user about whether or not the previous control mini-slot was empty. Thus only \no left users" (E c = I) and \at least one left user" (E c = I ) can be distinguished.
In control bit in CMS The operation of the algorithm under the binary feedback for the CMS is identical to the one described in Section 3 except for the fact that some more slots are wasted due to collisions that would have been avoided if ternary feedback had been available.
The de nitions of ; U; S; U k ; S k ; C k ; P k i are the same as those used in Section 3. The recursive formulas for C k and S k are identical to (3) and (4). For U k we have
i U i ; k = 2; 3; :::; (6) where U 0 = U 1 = 1 and P k i is de ned in (1). Substitution of (3) The values of U k for k = 0; 1; :::; 10, as obtained from (7), were used, together with numerical methods, to nd the maximum in (5), which turned out to be equal to max = 0:522 attained for x 1:4. Hence the RAA-CMS with binary feedback is stable for input rates below 0.522 messages per channel-slot, or 0:522=(1 + r) messages per message-slot.
VI. Conclusions
In this paper, we presented a random access algorithm, RAA-CMS, which utilizes additional feedback information in the form of a control bit for the resolution of packet collisions. The algorithm was found to be stable for input rates below 0:56=(1 + r) where r is the ratio of the length of the control mini-slot over the packet length. Since the information transmitted (if any) in each mini-slot is minimal (just the presence or absence of any message), r can be very small.
We compared the RAA-CMS to the algorithm with the highest known e ciency without additional information. Under idealized conditions the former achieves higher throughput if r < 0:15. The algorithm was also studied assuming binary feedback for the control mini-slot.
It should be noted that the analysis presented here is an e ort towards more practical access algorithms that achieve higher throughputs. The basic problem of nding the capacity of the best random access algorithm under the Poisson arrival model remains open.
